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ABSTRACT: A new expression is derived which relates the density of elastically effective strands in a polymer net-
work to the densities of random cross-links, main-chain scissions, and entanglements and to the molecular weight
distribution of the initial linear polymer. Methods are recommended for characterizing the cross-link and scission
densities from measurable sol fractions and for determining the entanglement density empirically. The strand
density can be evaluated quite easily for the random and uniform initial molecular weight distributions. The new
expression differs appreciably from that of Mullins and Bueche, owing principally to a new criterion for effectively
trapping network entanglements. The statistical approach used to derive the strand density is also used in a new
derivation of an existing implicit expression for the gel fraction.

Both the equilibrium elastic compliance! and the
equilibrium degree of swelling? of cross-linked
elastomeric polymers have been theoretically related
to the number of elastically effective network strands
per unit volume, », Furthermore, recent work® on
such systems suggests that the increase of the visco-
elastic storage compliance, as it approaches its equi-
librium value with decreasing frequency, is related to a
decrease in the elastically effective strand density due
to relaxation of certain network entanglements. In
applying these quantitative relations, it is very useful
to relate the strand density v to the network structure.
To do this Mullins* and Bueche’ have proposed equiva-
lent expressions for ». In Bueche’s notation

y = 2C — 2p/31,, + 2&(l — p/CH,) )

where C is the density of chemical cross-links, p is the
polymer mass density, J/, is the number-average
molecular weight before cross-linking, and 2e is the
maximum potential contribution of entanglements to ».
In this equation, the three terms on the right side rep-
resent, respectively, the direct contribution of chemical
cross-links, the correction due to original chain ends,
and the contribution of entanglements trapped between
cross-links.?

To include lightly cross-linked networks, eq 1 should
be generalized by excluding from consideration the
appreciable fraction of polymer (sol fraction) not
bonded to the continuous gel network, and thus unable
to contribute to ». If main-chain scission occurs dur-
ing cross-linking, eq 1 should be further generalized
to include the effect on ». Finally, a more rigorous
term should be used to express the trapped entangle-
ment contribution to ». In this paper, these considera-
tions are applied to relate » to the network structure by
a new expression. The network structure, in turn, is
characterized here by measurable sol fractions. The
application of the new relations is illustrated in the
following paper.?
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Characterization of Network Structure

Lightly cross-linked elastomers have an appreciable
sol weight fraction w, and, with good solvents, the
networks can be highly swollen to extract the sol frac-
tion quantitatively. To characterize the network
structure, this measurable sol fraction can be related
to the densities of cross-links and main-chain scissions
for certain cross-linking conditions by derivations such
as the following.

The cross-linking conditions of interest are those
commonly assumed in prior treatments of network
formation statistics.®=8 An initially linear polymer is
assumed to have undergone random cross-linking and
main-chain scission. It is assumed that the fraction of
possible points which have actually experienced cross-
linking or scission is much less than unity and that no
end-linking by scission products has occurred. We
disregard intramolecular cross-links between two points
caused by the previous connecting structure.

Let p and ¢ be the probabilities that a randomly
chosen monomer unit in the system has experienced
scission or shares a cross-link, respectively. In the
initial system, consider the sth monomer unit from
one end of a molecule.  After cross-linking and scission,
the probability that a route from this unit toward the
specified end leads to the gel fraction is the probability
that a cross-link to the final gel fraction is encountered
before reaching either a scission point or the specified
end. If w, is the gel weight fraction (= 1 — w,), this
probability g(») is given by

gln) = Z}qwg(l —gw)'(l — p)' €3

i=

where the probability of first encountering a cross-link
to the gel without prior scission is summed over all
of the » units at which this can occur. Letting x =
gwe/(p + gqwe) and » = p + gw, and recalling the as-
sumption that p and ¢ « 1, we obtain

gn) = xy 3 (1 — p)

i=1

(6) W. H., Stockmayer, J. Chem. Phys., 12, 125 (1944),
(7Y P.J. Flory, J. Amer. Chem. Soc., 69, 30 (1947).
(8) A. Charlesby, Proc. Roy. Soc. (London), A222, 542 (1954).
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or

gy = (1 — ') 3

We now evaluate the probability g(n,P) that the nth
monomer unit from one end of a molecule of P units in
the initial system becomes connected to the gel fraction
by any route. It is the probability of connecting to the
gel by a route toward one end plus, if this fails, the
probability by a route toward the other end. Thus

gn,Py = g(m) + [1 — gm)g(P — n)
gn) + g(P — n) — glmg(P — n)

or, byeq3
gnpP) = x[2 — e
X{l — o7V — il L V] (4)

_ e—yvl’ﬁn x] .

For a general initial molecular weight distribution,
where N is the mole fraction of molecules with degree
of polymerization P, the gel fraction is obtained by
averaging g(n,P) over all monomer units in the system.
Thus

< I

we = 3. > g(n,P)prpzlPNp ©)
1 =

‘=1n=1

where the denominator is P,, the number-average de-
gree of polymerization. Substituting g(n.P) from eq 4,
we obtain the desired result

w, = 2x[1 — (1 — 1;‘1 Npe '")hP,] —

X1 — 200 — X Npe'D)hP, +
1

~,
(/P Y PNpe™™7 (6)
r=1

By replacing the e~"” factors with their series expansion,
eq 6 may be expressed alternatively in terms of the var-
ious degree-of-polymerization averages defined as

Py = (P Y PN, P, = (1/P,Py) D P3Ny,
=1 P=1

PZ-r—! = (1“"/1-)11}-)11']-)2) Z PN, etc.
/

=1

Thus
we = 2x[yP2 — 3P P 3t
yPL PP, A — ] — X3P, —
QAN P PP, - (3/5)yiP PP, P — ] (D)

For the special case of no scission, eq 6 and 7 reduce
to forms given by Flory™ and Charlesby,” respectively.

Inokuti,® by considering the changing molecular
weight distribution during first scission then cross-
linking steps, has also obtained an implicit expression
for the gel fraction for a general initial molecular weight
distribution. His eq 10, resulting from this entirely
different approach, can be shown to be equivalent to
eq 6 above. The somewhat more direct derivation
presented in this paper produces the intermediate ex-
pression for g(n) which is required in the following

(9) M. Inokuti, J. Chem. Phys., 38, 2999 (1963).
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section. This derivation also contributes an approach
for determining other structural properties of randomly
formed networks such as the distribution of lengths of
strands between cross-links or the number of various
branched free end structures which may control the
rate of relaxation of entanglements.?

Equation 6 or 7 from the preceding derivation re-
lates the densities of cross-linking and scission to the
gel fraction and initial molecular weight distribution.
To determine simultaneously both of these unknown
densities, the relation must be applied to at least two
systems, (1) and (2), in which the ratios ps/p: and go/q:
are known. If the networks are formed by ionizing
radiation, for example, both ratios might be assumed
to equal the ratio of radiation exposures.

A trial and error scheme for calculating p; and ¢
from the initial molecular weight distribution, the
measured gel fractions of two systems, w,; and wg,
and the exposure ratio p/p1 (= go/qu) is the following.
(a) From a trial value of 3, and the initial molecular
weight distribution, evaluate the two bracketed quan-
tities (denoted « and b, respectively) in eq 6 or 7.
(b) Calculate x; from the solution (eq 8) of these quad-
ratic equations.  (¢) Calculate y» and x, from the ratio

Xy = [al - (alz - b1Wg,1)1/2]/b1 (8)

pofpy by eq 9 and 10 arising from the definitions of x
and y. (d) Calculate w, ., from y,, x,, and the mo-

y2 = 1pofp)ll + x:(Wgofwg, — 1)] 9)
Xy = X1)1PoWe 2/ VaPiWe 1 (10)

lecular weight distribution by eq 6 or 7. (e) Repeat
steps a~d with additional trial values of y; until the
calculated w, , value from step d agrees with the meas-
ured value. The values of p; and ¢, are then calculated
from x; and y, values in the final trial calculation as

po=nl —x) (1

and
g1 = X1)1/Wga (12)

If the initial molecular weight distribution is of the
“generalized Poisson” type, numerical results of Ino-
kuti® allow more rapid calculation of p; and g, than do
steps a-e above. For the “‘random” initial distribution,
eq 6 reduces to the result of Charlesby and Pinner,!°
eq 29 below, and their method of plotting (w, + w,/%)
against the reciprocal of the radiation exposure yields
p and ¢ directly. Other special initial distributions or
the absence of scission will also simplify eq 6 and 7
to facilitate characterization of the network structure
from w, data. 78

If the ratio of the scission and cross-linking rates p/g
is known independently, the gel fraction of only one
system is sufficient to determine p and g. Only step a
is then required since x calculated from its definition in
the form

x = wel(plg + we) 13

may be used with @ and b values from step a to calculate

(10) A. Charlesby and S. H. Pinner, Proc. Roy. Sac. (London),,
A249,367 (1959).
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w, from eq 6 or 7 for comparison with the measured
value of w,. Again, Inokuti’s tables® may be used to
determine p and g more rapidly for the generalized
Poisson initial molecular weight distribution.

Relation of Elastically Effective Strand Density
to Network Structure

Once the cross-linking and scission densities of the
network have been characterized, » may be determined.
To do this, the first two terms on the right side of eq 1
must be generalized by recognizing that only strands in
the gel fraction can be elastically effective at mechanical
equilibrium. The density of chemical cross-links in the
gel fraction is greater than in the system as a whole by
the factor (I + w,) or (2 — w,), as shown by Flory.”
Thus, the term 2C (or go/M, where M, is the monomer
molecular weight), the total moles of cross-linked units
per cubic centimeter of the whole system, must be re-
placed by

go(2 — wow,/M, a4

the moles of cross-linked units in the ge/ fraction per
cubic centimeter of the whole system.

To generalize the second term of eq 1, we require the
moles of original chain ends in the gel fraction per
cubic centimeter of the whole system. If the initial
molecular weight distribution is not uniform or if
scission occurs, thereby broadening the initially uniform
distribution, the longer molecules present are more
likely to be cross-linked to the gel fraction than are the
shorter ones. Thus, in the gel fraction, the density of
original ends will be less than in the system as a whole.
The probability that an original end of a molecule of
initial degree of polymerization P is in the gel fraction
is simply g(P). Therefore, of the 2p/1], total moles of
original ends per cubic centimeter of the whole system,
the number in the gel fraction is

(20/71,) 2 g(P)Np
P=1

Evaluating g(P) from eq 3, we obtain the desired second
term as

Qox/ T — 3 Nee ) 15)
P=1

An additional term, the moles of scission-produced
chain ends in the gel fraction per cubic centimeter of the
whole system, must also be subtracted in generalizing
eq 1. These scission ends are entirely equivalent to
original chain ends in their effect! on ». The probabil-
ity that a random scission end leads to the gel fraction
in the one possible direction is simply g(n) averaged
over all monomer units in the system. Therefore, of
the 2p/M, total moles of scission ends per cubic
centimeter of the whole system, the number in the gel
fraction is

@ 1’
(2pp/M(1/F,) Pz:l 2—1 &N,

Substituting g(n) from eq 3 vields the desired additional
term as

Qppx/MOll — (1 — P‘ZlePeW)/)Pn] (16)
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The third term on the right side of eq 1 is 2¢, the maxi-
mum potential contribution of entanglements to v,
multiplied by a factor, (1 —~ o/CJ1,), which is used to
represent the fraction of the system that exists as strands
between cross-links. This factor is assumed to equal
the fraction of potential entanglements that are trapped
between cross-links, thus effective at mechanical equi-
librinm. It is considered here that a more appropriate
factor for the fraction of entanglements trapped, T,
is the probability that all of the four directions from two
randomly chosen points in the system, which may
potentially contribute an entanglement, lead to the gel
fraction. If one or more of the four directions lead
to structures of finite size rather than to the gel, then the
potential entanglement is not considered trapped. 112

The probability that both directions from one ran-
domly chosen point lead to the gel fraction is g(n)g-
(P — n) averaged over all monomer units in the system.
Therefore

«© P
T. =[(1/P) p > g(mg(P — mN,)?

=1ln=1

The second term on the right side of eq 4 is g(n)g(P —
n). Substitution of this term in the above equation
gives T,% as the second term on the right side of eq 6
or 7. Thus

T. = x4l — 20 — 3 Npe")3P, +
P=1
(1/P) 3 PNpe 212 (17)
P=1
or
T, = x{(1/30)yP, P, — (2/4)y'PL.P.P, . +

G/5SYy PP, P — .. ]2 (18)

Expressions 14-17 are now used as indicated above
to replace eq 1, giving the desired genéral relation be-
tween v and the network structure. Using the defini-
tions of x and y and eq 6 and 17, the new terms com-
bine quite remarkably to give

v = (go/Mow,T.'* + 2¢T, (19)

Both w, and T, are given in terms of p, g, and Np by
eq 6 and 17 and the definitions of x and »,; thus eq 19
relates v to the independent structural variables p, g,
Np, and e.

Since even trapped entanglements may be less effec-
tive than chemical cross-links as network constraints,
e in eq 19 should be regarded as the product of the
potential entanglement density and the effectiveness of a
trapped entanglement relative to a chemical cross-link.
The value of e is assumed to be independent of p, g,
and Np for a given polymer and can be empirically
determined. One method of determining ¢ for a
polymer from values of g, w,, and T, for several charac-

(11) Trapping does not require, however, two *‘closed, inter-
penetrating loops” of a particular size, as in a treatment by Case
and Wargin,? since a constraint clearly exists if the four direc-
tions merely lead to the gel.

(12) L. C. Case and R. V. Wargin, Makromol. Chem., 77, 172
(1964).
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terized networks is to plot (gv)/T. against (go/My)-
weT.~% The product gr could be determined from
the measured equilibrium shear compliance J, by the
relation

gv = 1/JJ.RT 20)

from the theory of rubberlike elasticity'® where g is
considered an unknown constant, R is the gas law con-
stant, and T is the absolute temperature. Fromeq 19

gv/Te = glgp/MowT,~1/* 4 2ge (21)

which predicts a linear plot with slope of g and inter-
cept-to-slope ratio of 2¢.14

For the special case of no scission and a uniform
initial molecular weight M, » may be expressed directly
in terms of w,. Equation 6 for this case reduces to
Flory’s result?

w, = 1 — g7
or
gP = —[In (1 — w)l/w, (22)
By applying this relation, eq 17 reduces to
T, = [2 — wy 4+ 2w /In (1 — wp))? (23)
Substitution of eq 22 and 23 into eq 19 gives

v = (o/M)[(we — 2) In (1 — we) ~ 2w,] +
22 — wy + 2w/In (1 — wl? (24)

A less restricted special case in which the expressions
for w,, T., and v simplify is that of the initial distribution

Ne = (1/Pe=t/Py (25)

This has been called the “‘random,” ‘“‘exponential,”
and ‘“‘most-probable” distribution and is identical'?
with that produced by 1/P, random scissions per mo-
nomer unit in a hypothetical system of infinite initial
molecular weight (Np = 0 for finite P). Equation 6 for
this infinite initial molecular weight distribution reduces
to

e = 2x" — (x)? (26)
where
x" = gwy/(p + 1P, + qw,) (27)

to include the (p + 1/P,) total scission probability.
The solution of eq 26 is

x' =1 wt? (28)

and substitution of eq 27 for x’ yields the result of
Charlesby and Pinner. 1°

(13) 1. D. Ferry, “Proceedings of the International Conference
on Physics of Non-Crystalline Solids,” North-Holland Publish-
ing Co., Amsterdam, 1965, p 333.

(14) With increasing cross-linking, the ordinate and abscissa
values decrease linearly, then increase to retrace the linear plot.
The gv data must be quite precise to obtain good linearity since
the available range of gv/T. values may be a small fraction of the
magnitude.
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wy + w2t = 1P, + ply (29)

Equation 17 similarly reduces to 7. = (x')%, yielding,
from eq 28, the simple result

T. = (1 — w124 (30)
or, from eq 29
T.= {3 — [1 4401 + pPulgl, )3 416 (31)
Thus, eq 19 becomes, in terms of ¢ and w,

v = (gp/M)(1 — w1l — w22 4
2¢(1 — w19t (32)

for the random initial molecular weight distribution
including scission as well as cross-linking. Again,
since w, is given in terms of the basic structural variables
by eq 29, eq 32 relates » to these variables. 5~ 1%

Comparison of Result with Previous Expression for »

In comparing eq 19 with the Mullins—Bueche ex-
pression (eq 1), the terms representing the cross-link
and chain-end contributions are considered first.
These terms in eq 1, 2C — 2p/37,, may be expressed
in the notation of this paper as

(go/Mo)X1 — 2/gP,)

for comparison with the corresponding term from
eq 19

(go/Moyw, T, """

For the uniform initial molecular weight distribution
with no scission, values of the term from eq 1 are smaller
than those from eq 19 by less than 297 for values of
gP, = v, the cross-linking index, greater than four
cross-linked units per initial molecule. For the random
initial distribution with no scission, this is true for

(15) Scanlan'® has also shown that Flory’s analysis! of the
effect of chain ends, as applied to the gel fraction, yields the
first terms on the right sides of eq 24 and 32 as » for the above
two special cases (Scanlan’s eq 29 and 16, respectively, where 5;2
= wJ. Scanlan does not consider entanglements nor give any
expression for a general initial molecular weight distribution
such as eq 19, His own network analysis, giving the effective
strand density as two times the density of cross-links which
lead to gel in four directions plus 1.5 times the density of those
leading to gel in three directions, his eq 10, is believed to be less
rigorous than Flory’s! analysis. For example, a new cross-link
joining two of Scanlan’s “trifunctional junctions” at points on
the free end strands produces two ‘“‘tetrafunctional junctions”
instead, increasing, by Scanlan's eq 10, the effective strands by
2(2 — 33 = 1. If, however, the new cross-link joins the two
trifunctional junctions at points on strands leading toward the
gel, a difference of no actual consequence since the points may be
taken arbitrarily close to the junctions, the two trifunctional
junctions remain while the new cross-link itself adds one tetra-
functional junction, increasing, by Scanlan’s eq 10, the effective
strands by two. Thus, Scanlan’s analysis is inconsistent in this
example while Flory’s analysis! consistently predicts two new
effective strands in either case. Other network analyses,!7:1
which use bases similar to Scanlan’s!é for counting effective
strands, are thus considered less rigorous than the present appli-
cation of Flory’s analysis.

(16) J. Scanlan, J. Polym. Sci., 43, 501 (1960).

(17) L. Mullins and A. G. Thomas, ibid., 43, 13 (1960).

1(18; G. R. Dobson and M. Gordon, J. Chem. Phys., 43, 705
(1965).
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Figure 1. Calculated fraction of entanglements trapped,
T., vs. cross-linking index (cross-linked units per number-
average initial molecule), ¥ = gP... Solid curve from Mullins-
Bueche relation; other curves from present treatment with
long dashes for random initial molecular weight distribution
and short dashes for uniform distribution, Values for ratio
of scissions to cross-linked units, p/g, are indicated.

gP, > 11. Of course, if scission occurs with either
distribution, the deviations may be of much greater
magnitude since scission is not considered in eq 1.

In the absence of scission, these deviations in the
cross-link and chain-end terms are thus negligible for
all except quite lightly cross-linked systems. The
deviations for the lightly cross-linked systems are
usually unimportant since it is the entanglement term
in eq 19 which is the major contribution to v for such
systems. This is true since go/M, in eq 19, the density
of cross-linked units, is usually several times less
than 2e for such systems while w, is of the same order
of magnitude as 7.Y2, somewhat less than unity.
Therefore, it is the entanglement terms in eq 1 and 19
that now must be compared to determine any significant
over-all deviations in these expressions for ».

Macromolecules

The entanglement terms are compared by evaluating
the entanglement trapping factors in eq 1 and 19 and
plotting in Figure 1. For eq | we have

T.=1=p/Cil, =1~ 24P, (33)

For eq 19, T. is evaluated for the random initial molec-
ular weight distribution with p/g values of 0 and 0.25
by eq 31. Equations 22 and 23 are used to evaluate
T. for the uniform initial distribution with p/g = 0 while
eq 6 and 7 give T, with p/g = 0.25 for this distribution.

Figure 1 shows that the function 7. derived in this
paper with p/g = 0 for both of the initial distributions
is appreciably different from the trapping factor used
by Mullins and Bueche. The occurrence of a moderate
amount of scission is also seen to reduce sharply the
limiting value of 7, at high degrees of cross-linking,
T. max. From eg 31 this limit is

Tons = [3 = (1 4 4p/g)'*]%/16 (34)

for pjg < 2. The effect of the initial molecular weight
distribution on 7, is significant for lower degrees of
cross-linking. It is apparent that eq 19 predicts an
appreciably different dependence of » on the structural
variables.

The new relation not only generalizes the Mullins—
Bueche relation to include lightly cross-linked systems
and systems which have experienced scission, but also
predicts entanglement contributions that are appre-
ciably different up to rather high degrees of cross-
linking.
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